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Abstract
We calculate the zero-ﬁeld muon spin polarization function P(t) of La2−xSrxCuO4 using a quantum mechanical model. The
model includes the interaction between the positively charged muon and the nearby nuclei, and the effect of the crystal electric
ﬁeld gradient. We demonstrate that P(t) is strongly dependent on the muon site, and deviates substantially from a static Gaussian
Kubo-Toyabe function.
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1. Introduction
Recently, zero-ﬁeld (ZF) μSR has been used to search for weak magnetism associated with possible loop-current
order in the pseudogap region [1] and ferromagnetism in the heavily overdoped regime [2] of single crystal La2−xSrxCuO4
(LSCO). A nuisance in these measurements is the contribution of the nuclear dipoles, which can be the dominant re-
laxation mechanism. The contribution of the nuclear dipoles to the single crystal ZF-μSR signal is not only dependent
on the muon site, but also on the orientation of the initial muon spin polarization P(0) with respect to the crystalline
axes. While the ZF-μSR spectrum of single crystal LSCO over a wide doping range is approximately described by
a static Gaussian Kubo-Toyabe function GKT(t) [3] when P(0) ‖ cˆ-axis, this is not the case when P(0) ⊥ cˆ-axis. In
particular, P(t) deviates substantially from GKT(t) beyond ∼6 μs and dips below zero at t∼8 μs [1]. Here we attempt
to more accurately model the contribution of the host nuclei to the ZF-μSR signal of single crystal LSCO.
2. Method
The interaction between the muon spin I and the nearby nuclear spins J is described by the Hamiltonian [4, 5]
H =
N∑
j=1
(HDj + H
Q
μ j + H
Q
o j) , (1)
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Figure 1: Comparison of Celio’s approximation [5] and our exact calculation of P(t) for copper, for the muon residing
at the octahedral site of the FCC crystal structure. Note that since copper crystal has cubic symmetry, there is no
crystal EFG to consider.
where
HDj =

2γμγJ
r3j
[I · J j − 3(I · n j)(J j · n j)] , (2)
and
HQj = ω
Q
μ j[(J j · n j) · (J j · n j) − J(J + 1)/3] , (3)
and
HQo j =
ωQo j
2
[
I2jz −
1
3
I j(I j + 1) +
1
6
η(I2j+ + I
2
j−)
]
, (4)
In the above equation, the term HDj is the dipole-dipole interaction between the positive muon and the j
th nucleus, HQμ j
is associated with the quadrupolar energy of the nuclear spin J j due to the electric ﬁeld gradient (EFG) generated by
the positive muon, n j is the unit vector pointing in the direction along the straight line that connects the muon to the
jth nucleus located a distance r j away, and γμ and γJ are the gyromagnetic ratios of the muon and nuclei, respectively.
The quadrupolar coupling constant ωQμ j is proportional to 1/r
3
j [3]. The term H
Q
o j represents the quadrupolar energy
of the nuclear spin due to the EFG of the crystal, with a quadrupolar coupling constant ωQo j. The constant η is an
asymmetry parameter which speciﬁes the symmetry of the EFG around the nucleus [4]. Since γJ0.1γμ for both Cu
and La nuclei, interactions among the nuclear spins themselves has little effect on the muon spin relaxation over the
microsecond time range considered, and consequently can be neglected [5]. Furthermore, the only stable isotopes of
Sr with nonzero spin, 87Sr, has a natural abundance of 7%. Consequently, Sr can be neglected in the interactions even
in heavily overdoped LSCO with ∼ 15% Sr substitution. Finally, as reported by MacDougall et al. [1], the relaxation
of the ZF-μSR signal of LSCO depends very little on the Sr content. Hence the calculations are performed under the
assumption of muon residing in a single crystal of the parent compound La2CuO4. In density matrix formulation, the
time dependence of the muon spin polarization is given by [5]
P(t) = Tr[ρ(0)e
iHt
 σμe
−iHt
 ] , (5)
where σμ = 2Iμ and ρ is the density matrix. Note that in Eq. (4), the crystal EFG has set the quantization axis to
be along the crystallographic cˆ-axis for LSCO. For a general orientation of the initial muon spin polarization P(0),
σμ = sin θ cos β σx + sin θ cos β σy + cos θ σz, where θ and β are the zenith angle and the azimuth angle indicating
its direction with respect to the the crystal structure shown in Fig. 2(b). For a system with randomly oriented nuclear
spins, the initial density matrix reads
ρ(0) =
1
2
(1 + σμ)∏N
j (2J j + 1)
. (6)
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Determining P(t) involves calculating the eigenvalues and eigenvectors of the Hamiltonian matrix with dimension
d = 2
∏N
j (2J j + 1). d evolves exponentially as the number of nuclei included increases, making this exact calculation
unfeasible as d becomes too large. We therefore resort to a technique developed by Celio [5] to study P(t) in pure
copper, which is based on the Trotter formula and random phase approximation. As can be seen in Fig. 1, for copper
with a manageable number of nuclei to consider, there is good agreement between the exact calculation and the
approximated P(t) calculated by Celio [5].
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Figure 2: (a) Time dependence of the muon spin polarization for different muon sites in single crystal LSCO for the
case P(0)⊥ cˆ and with P(0) oriented at 45◦ with respect to the crystallographic aˆ-axis. The muon sites M, T1, T2, T3
considered by Sulaiman et al [6], while sites A, B and C are chosen by us. Information on the muon sites are given
in Table 1. (b) Tetragonal unit cell of LSCO, with lattice constants a = 3.80 Å, b = 3.80 Å and c = 13.12 Å. The
La atoms at different sites are distinguished by numerical labels 1 and 2. Note that in calculations, the quadrupolar
coupling constants ωQo j and the asymmetry parameter η are taken from Nuclear Quadrupolar Resonance and Nuclear
Magnetic Resonance experiments. In particular, for 63Cu, ωQo =213.6 MHz, for 65Cu, ω
Q
o =194.8 MHz [7], for 139La,
ωQo =40.2 MHz [8], and ηLa=0.03 [8],ηCu=0.02 [9].
3. Results and Discussion
Although there have been several attempts to determine the precise location of the positive muon in single crystal
LSCO [10, 6], there is no general consensus. Figure 2(a) shows P(t) calculated for potential muon sites chosen by us
as well as some considered in Ref. [6]. The strong dependence of P(t) on the muon site means that the ZF-μSR signal
can be used to determine the muon site in LSCO, provided that there is only a single muon site, the muon does not
diffuse, and there are no other sources of relaxation (e.g. electronic moments and/or loop-current order). Note that
only nuclei closest to the muon site are considered. Nuclei that are further away pose little effect on the early time
relaxation. This is demonstrated in Fig. 2(a) through a comparison of the P(t) labelled Ba and Bb, corresponding to
the same muon sites, but with the latter including Cu nuclei further away from the muon.
We have calculated P(t) for the various muon sites in LSCO reported in the literature. However, none of these
resemble the ZF-μSR signal for Sr content above x≈0.15, where the contribution from remnant Cu spins of the parent
compound La2CuO4 is negligible [11]. Instead as shown in Fig. 2(a), we ﬁnd that for P(0) ⊥ cˆ and with muon site
A (which is close to the apical O), P(t) crosses zero at t∼ 8 μs and extends well below zero, resembling the ZF-μSR
3
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Label Muon Site Nuclei Included in Calculation
M (0.5, 0.0, 0.096) 2Cu, La(2), La(2)
T1 (0.2, 0.0, 0.15) 2Cu, La(1), La(2), La(2)
T2 (0.225, 0.0, 0.225) 2Cu, La(1), La(2), La(2)
U1 (0.12, 0., 0.11) 2Cu, La(1), La(2), La(2), La(2)
H (0.253, 0.0, 0.152) 2Cu, La(1), La(2), La(2), La(2)
Ba (0.1, 0.0, 0.1) Cu, La(1), La(2), La(2)
Bb (0.1, 0.0, 0.1) 4Cu, La(1), La(2), La(2)
A (0.0, 0.0, 0.15) 5Cu, La(1), La(2), La(2), La(2), La(2)
Table 1: Muon sites corrsponding to the polarization functions plotted in Fig. 2(a), where the muon site coordinates
(xa, yb, zc) are denoted as multiples of the lattice constants. The Cu nuclei correspond to the closest copper atoms to
the muon site. Note we denote two Cu nuclei as 2Cu, and La nucleus at site 1 as La(1), etc.
spectrum of single crystal La1.87Sr0.13CuO4 displayed in Ref. [1]. Identifying the precise location of the muon requires
additional calculations of P(t) at other potential sites.
4. Conclusion
We have calculated the nuclear moment contribution to the muon spin relaxaton function of single crystal LSCO
at zero applied magnetic ﬁeld. In doing so we have demonstrated the strong dependence of P(t) on the muon site
and substantial deviations from a static Gaussian Kubo-Toyabe function. The calculations presented here provide the
basis for a more stringent investigation of weak magnetism in LSCO by more accurately accounting for the nuclear
dipole contribution. In addition, there are two features of the experimentally observed ZF-μSR spectra [1] that can
help in determining the muon site, which are not considered here. Firstly, the observed spectra suggest a rather weak
dependence of P(t) on the direction of the initial muon spin polarization P(0), when P(0) ⊥ cˆ-axis. Secondly, the
ZF-μSR signal relaxes considerably slower when P(0) ‖ cˆ-axis. Furthermore, an exact determination of the muon
site requires a comparison to experimental ZF-μSR spectrum that includes accurate late time data at t>10 μs. While
in principle this could be achieved at a pulsed muon facility, spin rotators are needed at these facilities to permit
measurements with P(0)⊥ cˆ.
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